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SECOND ORDER TIME DEPENDENT TANGENT
BUNDLES AND THEIR APPLICATIONS
ALI SURI
Abstract. The aim of this paper is to geometrize time dependent La-
grangian mechanics in a way that the framework of second order tangent
bundles plays an essential role. To this end, we first introduce the con-
cepts of time dependent connections and time dependent semisprays on
a manifold M and their induced vector bundle structures on the second
order time dependent tangent bundle R × T 2M . Then we turn our at-
tention to regular time Lagrangians and their interaction with R×T 2M
in different situations such as mechanical systems with potential fields,
external forces and holonomic constraints. Finally we propose an exam-
ples to support our theory.
Keywords: Banach manifold; semispray, connection; time depen-
dent Lagrangian; second order tangent bundle; group of diffeomorphisms.
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1. Introduction
The time dependent tangent bundle and time dependent second order or-
dinary differential equations arise naturally in many geometric and physical
situations (for a comprehensive treatment in the finite dimensional case and
for references see [18]).
On the other hand the geometry of higher order tangent spaces and higher
order Mechanics has been extensively studied by many authors like Crampin
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etc. [6], Dodson and Galanis [13], Bucataru [3, 4], De Leo´n and Rodriguez
[11, 12], Miron [19] and Popescu [20].
In this paper we follow a different line that is geometrization of time de-
pendent Lagrangian mechanics in which the framework of second order time
dependent tangent bundles plays an essential role. More precisely, we show
that π2 : R × T
2M −→ R ×M which arises naturally as an extension of
ordinary tangent bundle, with a suitable choice of vector bundle structure,
prepares a rich geometric framework which carries many geometric and me-
chanical properties. For example we show that the integral curves of the
zero section ξ ∈ Γ(π2) are motions of a time dependent mechanical system
or solutions of a time dependent second order ordinary differential equations.
In section 2 we introduce the concepts of time dependent connections and
time dependent semisprays and the relations between them. Then we show
that at the presence of a time dependent semispray (or equivalently a time
dependent connection), π2 : R × T
2M −→ R ×M admits a vector bundle
structure isomorphic to R×TM ⊕R× TM . The converse of the above fact
is also true in the sense that a vector bundle structure on R × T 2M which
makes it isomorphic to two copies of time dependent tangent bundle, declares
a time dependent semispray (or equivalently a time dependent connection)
on M .
Then we turn our attention to the concepts of time dependent (regu-
lar) Lagrangian and Lagrangian vector fields in the general case of Banach
manifolds. As a fundamental step we derive the semispray (second order
vector field) of a regular time dependent Lagrangian as well as the case of
Lagrangian systems with time dependent external forces, potential field and
holonomic constraints. Then we declare the induced geometric structures
on (π2,R× T
2M,R×M) and we derive the equations of motion as integral
curves of the zero section of this vector bundle.
Afterward we reveal the relations between invariant Lagrangians and re-
lated semisprays and vector bundle isomorphisms on the second order time
dependent tangent bundles. More precisely we show that invariant La-
grangians induce invariant vector bundle structures (up to isomorphism)
on R× T 2M .
Then, as an application, we discuss the case of group of Hs volume pre-
serving diffeomorphisms Dsµ on a compact Riemannian manifold. Subse-
quently, we derive the time dependent semispray and the induced vector
bundle structure on R×T 2Dsµ which describes the motion of an incompress-
ible fluid at the presence of a time dependent external force in M .
Trough this paper all the maps and manifolds are assumed to be smooth,
but a lesser degree of differentiability can be assumed. Whenever partition
of unity is necessary, we assume that our manifolds are partitionable [16, 22].
Finally we note that, all the results can be modified for the autonomous
and finite dimensional cases directly.
2. Preliminaries
In this section first we summarize the necessary preliminary material that
we need for a self contained paper. Then we introduce the concepts of time
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dependent (possibly nonlinear) connections and time dependent semisprays
and second order time dependent tangent bundle π2 : R×T
2M −→ R×M .
Let M be a manifold modeled on the Banach space (possibly infinite
dimensional) E and πM : TM −→M be its tangent bundle. Define
π : R× TM −→ R×M
(t, [γ, x]) 7−→ (t, x)
and V(t,[γ,x])π = ker(d(t,[γ,x])π) which is known as the vertical subspace and
locally
V(t,[γ,x])π = {(t, x, y; s, a, b) ; dπ(t, x, y; s, a, b) = (t, x; 0, 0)}
= {(t, x, y; 0, 0, b) ; t ∈ R and x ∈ U, y, b ∈ E}
Definition 2.1. A nonlinear connection on E := R × TM is a smooth
distribution N : u ∈ E 7−→ Nu ⊆ TuE for which
TuE = Vuπ ⊕Nu.
Consider the atlases A = {(Uα, φα)}α∈I and B = {(Uα, ψα)}α∈I for
M and E respectively where Uα = π
−1(Uα) and ψα(t, [γ, x]) =
(
t, (φα ◦
γ)(0), (φα ◦ γ)
′(0)
)
for x ∈ Uα. Let πE : TE −→ E be the tangent bundle
of E. Then, B in a canonical way induces the atlas C = {(U˜α,Φα)}α∈I with
U˜α = π
−1
E (Uα) and Φα = Tψα, α ∈ I.
Let ν : TE −→ V π be the vertical projection. For any α ∈ I set να = Φα◦
ν ◦Φ−1α . Since να ◦να = να, it follows that να(t, x, y; 0, 0, b) = (t, x, y; 0, 0, b).
As a consequence
να : R× Uα × E× R× E
2 −→ R× Uα × E× {0R} × {0E} × E
(t, x, y; s, a, b) 7−→ (t, x, y; 0, 0, b +Nα(t, x, y)(s, a))
for a smooth map Nα : R× Uα × E −→ L
2(R× E,E) where L2(R× E,E) is
the space of all bilinear continuous maps form R× E to E. We add here to
the convention that
Nα(t, x, y)(s, a) := N
0
α(t, x, y)s +N
1
α(t, x, y)a
where N0α : R× Uα × E −→ L(R,E) and N
1
α : R× Uα × E −→ L(E,E).
The maps {N0α, N
1
α}α∈I are called the coefficients of the nonlinear connec-
tion. For any α, β ∈ I with Uαβ := Uα∩Uβ 6= ∅, the compatibility condition
(change of coordinates) for N iα and N
i
β , i = 0, 1, comes form the fact that
νβ ◦Φβ ◦ Φ
−1
α = Φβ ◦ Φ
−1
α ◦ να.
After some calculations, for any x ∈ Uαβ , t, s ∈ R and y, a, b ∈ E, we get
dφβα(x)Nα(t, x, y)(s, a) = Nβ
(
t, φβα(x), dφβα(x)y
)(
s, dφβα(x)a
)
(1)
+d2φβα(x)(a, y).
Setting a = 0 we see that
dφβα(x)N
0
α(t, x, y)s = N
0
β
(
t, φβα(x), dφβα(x)y
)
s(2)
and for s = 0 the equation (1) implies that
dφβα(x)N
1
α(t, x, y)a = N
1
β
(
t, φβα(x), dφβα(x)y
)
dφβα(x)a(3)
+d2φβα(x)(a, y).
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Definition 2.2. A time dependent semispray S on R×M is a vector field
on R× TM such that locally
Sα(t, x, y) = (t, x, y, 1, y,−Gα(t, x, y))
where Sα =: Φα ◦ S ◦ φ
−1
α and Gα : R× Uα × E −→ E, α ∈ I, are called the
local components (coefficients) of the semispray S.
For α, β ∈ I with Uαβ 6= ∅, the compatibility condition for Gα and Gβ is
obtained from the equality
Sβ ◦ (φβ ◦ φ
−1
α ) = (Φβ ◦Φ
−1
α ) ◦ Sα
and it is
Gβ(t, φβα(x), dφβα(x)y) + d
2φβα(x)(y, y) = dφβα(x)Gα(t, x, y).(4)
We remind that c : (−ǫ, ǫ) −→ M is called a geodesic of S if (t, c′′(t)) =
S(t, c′(t)) or equivalently, for any α ∈ I which the image of c meets Uα, the
following second order differential equation
(φα ◦ c)
′′(t) +Gα
(
t, (φα ◦ c)(t), (φα ◦ c)
′(t)
)
= 0
is satisfied.
2.1. Second order time dependent tangent bundles. As a natural
extension of the tangent bundle TM we define the following equivalence
relation. The curves γ1, γ2 ∈ Cx0 := {γ : (−ǫ, ǫ) −→ M ; γ(0) = x0 and γ
is smooth } are said to be 2-equivalent, denoted by γ1 ≈
2
x0
γ2, if and only
if γ′1(0) = γ
′
2(0) and γ
′′
1 (0) = γ
′′
2 (0). Define T
2
x0
M := Cx0/ ≈
2
x0
and the
second order tangent bundle of M to be T 2M :=
⋃
x∈M T
2
xM . Denote
by [γ, x0]2 the representative of the equivalence class containing γ and define
the canonical projection π2 : T
2M −→ M which projects [γ, x0]2 onto x0.
The second order time dependent tangent bundle of M is
idR × π2 : R× T
2M −→ R×M
(t, [γ, x]2) 7−→ (t, x)
By abuse of notation the same symbol π2 is used for idR × π2. Note that,
in contrast to the (τM , TM,M) and (π,R × TM,R × TM), the fibrations
(π2, T
2M,M) and (π2,R× T
2M,R×M) do not admit vector bundle struc-
tures generally [13, 22, 24].
However, next theorem reveals the geometric structure which a time de-
pendent semispray (or a time dependent connection) induces on π2.
Theorem 2.3. i. Let S be a time dependent semispray on R ×M . Then
the family of trivializations
Φ2α : π
−1
2 (R× Uα) −→ R× Uα × E× E
(t, [γ, x]2) 7−→
(
t, (φα ◦ γ)(0), (φα ◦ γ)
′(0), (φα ◦ γ)
′′(0)
+Gα
(
t, (φα ◦ γ)(0), (φα ◦ γ)
′(0)
))
defines a vector bundle structure on π2 : R × T
2M −→ M isomorphic to
R× TM ⊕ R× TM and the structure group GL(E × E).
Moreover, integral curves of the zero section of this bundle are geodesics
of the semispray S.
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ii. Let π2 : R× T
2M −→M possesses a vector bundle structure isomor-
phic to R × TM ⊕ R × TM and the structure group GL(E × E). Then on
M a time dependent semispray can be defined.
Proof. i. Clearly Φ2α is well defined and injective. Moreover for any (t, x, y, z) ∈
R × Uα × E
2 the second order tangent vector (t, [γ, x]2) with φα ◦ γ(h) =
φα(x) + hy +
h2
2 (z − Gα(t, x, y)) is mapped onto (t, x, y, z) via Φ
2
α. Finally
for any (t, x, y, z) ∈ R× Uαβ × E
2 we have
Φ2β ◦ Φ
2
α
−1
(t, x, y, z) =
=
(
t, (φβ ◦ γ)(0), (φβ ◦ γ)
′(0), (φβ ◦ γ)
′′(0)
+Gβ
(
t, (φβ ◦ γ)(0), (φβ ◦ γ)
′(0)
))
=
(
t, φβα(x), (φβα ◦ φα ◦ γ)
′(0), (φβα ◦ φα ◦ γ)
′′(0)
+Gβ
(
t, (φβα ◦ φα ◦ γ)(0), (φβα ◦ φα ◦ γ)
′(0)
))
=
(
t, φβα(x), dφβα(x)y, dφβα(x)
(
z −Gα(t, x, y)
)
+ d2φβα(x)(y, y)
+Gβ
(
t, x, (φβα ◦ φα ◦ γ)
′(0)
))
∗
=
(
t, φβα(x), dφβα(x)y, dφβα(x)z
)
where in ∗ we used (4). As a result the transition map
Φ2βα : R× Uβα −→ GL(E× E)
(t, x) 7−→
(
dφβα(x), dφβα(x)
)
is a smooth map and Φ2βα does not depend on time.
Now consider the zero section ξ : R×M −→ R× T 2M which maps (t, x)
to (t, x, 0, 0) ∈ R × T 2xM . Following [1], theorem 2.2 it is easy to see that
c : (−ǫ, ǫ) −→ M is an integral curve of ξ if and only if, for any α ∈ I, it
satisfies the equation
(φα ◦ c)
′′(t) +Gα
(
(φα ◦ c)(t), (φα ◦ c)
′(t)
)
= 0
as we required.
ii. Let {
(
π−12 (R×Uα),Φ
2
α
)
}α∈I be a family of trivializations for π2. Then,
for any x ∈ Uα,
Φ2α,x := Φ
2
α|x : π
−1
2 (t, x)π
−1(t, x)⊕ π−1(t, x)
is a linear isomorphism. Consider the family of charts for M such that
dφα(x) = proj1φ ◦ Φ
2
α,x where proj1 is projection to the first factor. (see
also [13] and [22]). Now, set
Gα(t, x, y) = proj4 ◦ Φ
2
α(t, [γ, x]2)− (φα ◦ γ)
′′(0)
where γ¯(s) = x+ sy and γ = φ−1α ◦ γ¯. Then we have
Gβ(t, φβα(x), dφβα(x)y) = proj4 ◦ Φ
2
β(t, [θ, x]2)− (φβ ◦ θ)
′′(0)
6 ALI SURI
where θ¯ = φβα ◦ γ¯ and θ = φ
−1
β ◦ θ¯. Note that [θ, x]2 = [γ, x]2. However
Gβ(t, φβα(x), dφβα(x)y) = proj4 ◦ Φ
2
β(t, [θ, x]2)− (φβ ◦ θ)
′′(0)
= proj4 ◦ Φ
2
β ◦ Φ
2
α
−1
◦ Φ2α(t, [θ, x]2)− (φβα ◦ γ)
′′(0)
= dφβα(x)
(
proj4 ◦ Φ
2
α(t, [γ, x]2)
)
− d2φβα(x)(y, y)
= dφβα(x)
(
proj4 ◦ Φ
2
α(t, [γ, x]2)
)
− d2φβα(x)(y, y)
= dφβα(x)Gα(t, x, y)− d
2φβα(x)(y, y)
that is Gα and Gβ satisfy the compatibility condition (4). As a consequence
the family {Gα}α∈I defines a (time dependent) semispray on M . 
Remark 2.4. One can replace the zero section in the above theorem with
any section η of the vector bundle π2 : R × T
2M −→ R × M with the
property proj3 ◦ Φ
2
α ◦ η = proj3 ◦ Φ
2
α ◦ η, α ∈ I, and prove the same result
(Here proj3 stands for the projection to the third factor). More precisely,
the integral curves of the section η are geodesics of the semispray S too.
(See also [1], section 5.1.)
The following proposition can be proved as theorem 2.3.
Proposition 2.5. The followings hold true.
i. Let N be a time dependent nonlinear connection on M . Then the family
of trivializations
Φ2α : π
−1
2 (Uα) −→ R× Uα × E× E
(t, [γ, x]2) 7−→
(
t, (φα ◦ γ)(0), (φα ◦ γ)
′(0), (φα ◦ γ)
′′(0)(5)
+Nα
(
t, (φα ◦ γ)(0), (φα ◦ γ)
′(0)
)
[1, (φα ◦ γ)
′(0)]︸ ︷︷ ︸
Pα
)
α ∈ I, induces a vector bundle structure on π2 : R × T
2M −→ R ×M and
integral curves of ξ ∈ Γ(π2) (the zero section) are autoparallels of N .
ii. Let π2 : R × T
2M −→ R × M admits a vector bundle structure
isomorphic to R× TM ⊕R× TM . Then on M a time dependent nonlinear
connection can be defined.
Let ∂i, i = 1, 2, 3, be derivative with respect to the i’th variable. Then
we have the following proposition which we leave the proof as an exercise.
Proposition 2.6. Let S be a time dependent semispray on R ×M . Then
the families {(N0α = 0, N
1
α = ∂3Gα)}α∈I and {(N
0
α = ∂1Gα, N
1
α = ∂3Gα)}α∈I
are two nonlinear connections on R×M .
3. time dependent Lagrangians
In this section we review the concepts of time dependent Lagrangian and
Lagrangian vector fields. Then we derive the induced geometric structures
on R×T 2M where M is a (possibly infinite dimensional) manifold endowed
with a regular time dependent Lagrangian. To this end we follow the nota-
tion of [8].
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The calculations of the fundamental 2-form of a time dependent La-
grangian and the Lagrangian vector fields are known in finite dimensional
case (see e.g. [18]) but we could not find any reference which contains the
infinite dimensional version.
We start with a definition from [8].
Definition 3.1. A bilinear continuous map B : E×E −→ R is called weakly
nondegenerate if for any y ∈ E the map Bb : E −→ E∗, Bb(y) defined
by Bb(y)z = B(y, z) is injective. We call B nondegenerate (or strongly
nondegenerate) if Bb is an isomorphism [8].
Note that if E is a finite dimensional Banach space, then there is no
difference between strong and weak nondegeneracy.
Definition 3.2. A time dependent Lagrangian on M is a differentiable
map L : R × TM −→ R. The Lagrangian L is called regular if ∂23L(t, x, y),
(t, x, y) ∈ R× TM , is a nondegenerate bilinear map.
The Lioville vector field Γ on R× TM is defined by
Γ : R× TM −→ T (R× TM)
(t, x, y) 7−→ (t, x, y; 0, 0, y)
and the canonical tangent structure on J on R× TM is
J : T (R× TM) −→ T (R× TM)
(t, x, y; s, z, w) 7−→ (t, x, y; 0, 0, z)
For L consider the canonical one form θL := dL◦J on R×TM . Then locally
we have the formula
θL(t, x, y)(s, z, w) = dL(t, x, y)(0, 0, z) = ∂3L(t, x, y)z.
In the finite dimensional case with the local coordinate (t, xi, yi) of R×TM
we have, Γ = yi ∂
∂yi
and J = ∂
∂yi
⊗ dxi and θL is given by the expression
θL =
∂L
∂yi
dxi. Moreover L is regular if the matrix ( ∂
2L
∂yi∂yj
) has the constant
rank n = dimM .
The canonical symplectic form on R× TM is ωL := −dθL which for any
v = (t, x, y) ∈ R×TM and (si, zi, wi) ∈ Tv(R×TM), i ∈ {1, 2}, ωL is given
by
ωL(t, x, y)
(
(s1, z1, w1), (s2, z2, w2)
)
= ∂1∂3L(v)[z1, s2]− ∂1∂3L(v)[z2, s1]
+∂2∂3L(v)[z1, z2]− ∂2∂3L(v)[z2, z1]
+∂23L(v)[z1, w2]− ∂
2
3L(v)[z2, w1](6)
Remark 3.3. In the autonomous case we have θL(x, y)(z, w) = ∂2L(x, y)z
and
ωL(x, y)
(
(z1, w1), (z2, w2)
)
= ∂1∂2L(x, y)[z1, z2]− ∂1∂2L(x, y)[z2, z1]
+∂23L(x, y)[z1, w2]− ∂
2
2L(x, y)[z2, w1]
which can derived from (6) by setting s = 0 (see also [8] section 5.1).
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Proposition 3.4. Let L be a regular time dependent Lagrangian and EL :=
ΓL − L be the energy of L and ΩL = ωL + dEL ∧ dt. Then the following
statements hold true.
i. There is a unique semispray Z ∈ X(R × TM) for which
iZdt = 1 and iZΩL = 0.
ii. A curve c(s) in M is a geodesic of Z if and only if it satisfies the Euler
Lagrange’s equation
(7)
d
ds
{∂3L
(
s, c(s), c′(s)
)
[c′(s)]} = ∂2L
(
s, c(s), c′(s)
)
[c′(s)].
Proof. The energy function EL locally maps (t, x, y) to ∂3L(t, x, y)y−L(t, x, y).
Let Z be a vector filed on R × TM . Then there are smooth maps X0 :
R× TU −→ R and Xi : R× TU −→ E, i = 1, 2, such that for any
v = (t, x, y) ∈ R× TU
Z(t, x, y) = (t, x, y;X0(v),X1(v),X2(v)).
The equation iZdt = 1 implies that X0(t, x, y) = 1. Moreover
iZΩL(v)
(
s, z, w
)
= ΩL(v)
(
Z(v), (s, z, w)
)
= ωL(v)
(
Z(v), (s, z, w)
)
+ sdEL(Z(v)) − dEL(s, z, w)
= ∂1∂3L(v)[X1(v), s]− ∂1∂3L(v)[z, 1] + ∂2∂3L(v)[X1(v), z]
−∂2∂3L(v)[z,X1(v)] + ∂
2
3L(v)[X1(v), w] − ∂
2
3L(v)[z,X2(v)]
+sdEL(Z(v)) − ∂1∂3L(v)[y, s] − ∂2∂3L(v)[y, z] − ∂
2
3L(v)[y,w]
+∂1L(v)s + ∂2L(v)z.
Setting s = 0, z = 0 we conclude that
∂23L(v)[X1(v), w] − ∂
2
3L(v)[y,w] = 0
and regularity of L implies that X0(t, x, y) = y. This last means that Z is a
second order differential equation. Applying X1(v) = y we obtain
iZΩL(v)
(
s, z, w
)
= −∂1∂3L(v)[z, 1] − ∂2∂3L(v)[z, y] − ∂
2
3L(v)[z,X2(v)]
+sdEL(Z(v)) + ∂1L(v)s + ∂2L(v)z.
Setting s = 0 the above equation implies that
∂1∂3L(v)[z, 1] + ∂2∂3L(v)[z, y] + ∂
2
3L(v)[z,X2(v)] = ∂2L(v)z.(8)
Since L is regular then the above equation implies that
X2(v) = (∂
2
3L(v))
−1[α(v)]
where α(v) ∈ E∗ and
α(v)z = ∂2L(v)z − ∂1∂3L(v)[z, 1] − ∂2∂3L(v)[z, y].
ii. If z = y = c′(s) and c′′(s) = X2(s, c(s), c
′(s)) then equation (8) implies
that
(9)
d
ds
{∂3L
(
s, c(s), c′(s)
)
[c′(s)]} = ∂2L
(
s, c(s), c′(s)
)
[c′(s)]
as desired. 
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Using the Lagrangian vector field we state the following theorem which
proposes a rich vector bundle structure for the second order time dependent
tangent bundle.
Theorem 3.5. Let L be a regular time dependent Lagrangian. Then L
induces a vector bundle structure on π2L : R×T
2M −→ R×M such that the
integral curves of the zero section of π2L are solutions of the Euler Lagrange
equation (7).
Proof. Consider the vector bundle structure proposed by theorem 2.3 with
Gα = X2 proposed in proposition 3.4. Then theorem 2.3 guaranties that
π2L : R × T
2M −→ R × M admits a vector bundle structure with fibres
isomorphic to E × E and the structure group GL(E × E). Moreover the
integral curves of the zero section ξ : R×M −→ R× T 2M are geodesics of
Z. Now the last part of proposition 3.4 implies that the integral curves of ξ
are solutions of the Euler Lagrange equation (7). 
Motivated by [18] chapter 13, we introduce another canonical semispray
on R× TM .
Proposition 3.6. If L is a regular time dependent Lagrangian, then the
followings hold true.
i. The family
Gα(v) = ∂
2
3Lα(v)
−1{∂2∂3Lα(v)[., y] − ∂2Lα(v)} ; α ∈ I(10)
v = (t, x, y) ∈ R×Uα×E, defines a semispray on R×TM whose coefficients
depend only on L.
ii. There exists a nonlinear connection NL on R× TM which depends only
on the Lagrangian L. The coefficients of NL are
N0α(v) = ∂
2
3Lα(v)
−1{∂1∂3Lα(v)},
N1α(v) = ∂3Gα(v).
Proof. i. First we show that {Gα}α∈I satisfy the compatibility condition
(4).
Suppose that v = (t, x, y) ∈ R×Uβα×E, s ∈ R and z, w ∈ E be arbitrary
elements and set v′ = (t, φβα(x), dφβα(x)y). Then we have the following
compatibility conditions for partial derivatives of L.
∂1Lα(v)s = ∂1Lβ(v
′)s,
∂2Lα(v)z = ∂2Lβ(v
′)dφβα(x)z + ∂3Lβ(v
′)d2φβα(x)(y, z),
∂3Lα(v)w = ∂3Lβ(v
′)dφβα(x)w,
∂1∂3Lα(v)[w, s] = ∂1∂3Lβ(v
′)[dφβα(x)w, s],
∂2∂3Lα(v)[w, z] = ∂2∂3Lβ(v
′)[dφβα(x)w, dφβα(x)z]
+∂23Lβ(v
′)[dφβα(x)w, d
2φβα(x)(z, y)]
+∂3Lβ(v
′)[d2φβα(x)(w, z)]
and
∂23Lα(v)[w, z] = ∂
2
3Lβ(v
′)[dφβα(x)w, dφβα(x)z](11)
where Lα = L ◦ ψ
−1
α and Lβ = L ◦ ψ
−1
β and Uαβ 6= ∅.
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However by (10) and the above equations we have
∂23Lα(v)[Gα(v), z] = ∂2∂3Lα(v)[z, y] − ∂2Lα(v)z
= ∂2∂3Lβ(v
′)[dφβα(x)z, dφβα(x)y] + ∂
2
3Lβ(v
′)[dφβα(x)z, d
2φβα(x)(y, y)]
−∂2Lβ(v
′)dφβα(x)z
= ∂23Lβ(v
′)[Gβ(v
′) + d2φβα(x)(y, y), dφβα(x)z].
On the other hand equation (11) implies that
∂23Lα(v)[Gα(v), z] = ∂
2
3Lβ(v
′)
[
dφβα(x)[Gα(v)], dφβα(x)z
]
.
As a result of the last two equations we get
dφβα(x)[Gα(v)] = Gβ(v
′) + d2φβα(x)(y, y)
that is the family {Gα}α∈I defines a semispray on R× TM .
ii. Is a result of the first part and proposition 2.6. 
3.1. Motion in a time dependent potential field. In this section for a
Riemannian manifold (M,g) and its canonical Lagrangian L(x, y) = 12g(x)
(y, y) with a time dependent potential, we propose a vector bundle structure
for R × T 2M which encodes the geometric structures of this mechanical
system through its trivializations.
Let (M,g) be a Riemannian manifold. Define the Lagrangian Lg(x, y) =
1
2g(x)(y, y). In this case the equation (8) reduces to
g(x)(K2(x, y), z) =
1
2
∂xg(x)(y, y)z − ∂xg(x)(y, z)y
where Zg(t, x, y) = (t, x, y, 1, y,K2(x, y)) is the Lagrangian vector field of
Lg (see e.g. [8], p.107 or [16], p.194). Consider the differential map U :
R× TM −→ R which is known as (the time dependent) potential.
Proposition 3.7. For the Lagrangian
L(t, x, y) =
1
2
g(x)(y, y) − U(t, x)(12)
the associated second order vector field ZU is given by ZU (t, x, y) = (t, x, y, 1,
y,X2(t, x, y)) where
X2(t, x, y) = K2(x, y)− gradU(t, x)
and K2 is the canonical spray determined by the autonomous Lagrangian
L(x, y) = 12g(x)(y, y) and gradU(t, x) is gradient of U .
Proof. It suffices to write equation (8) for the Lagrangian (12). More pre-
cisely, after some calculations we get
g(x)(X2(t, x, y), z) =
1
2
∂xg(x)(y, y)z − ∂xg(x)(y, z)y − ∂2U(t, x)z
= g(x)(K2(x, y), z) − g(x)(gradU(t, x), z)
and consequently
(13) X2(t, x, y) = K2(x, y)− gradU(t, x).

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Remark 3.8. Following the formalism of theorem 3.5, one can endow π2U :
R× T 2M −→ R×M with fibres isomorphic to E×E such that the integral
curves of the zero section of π2U are motions of the Lagrangian systems with
the potential U (that is equation (7) with L given by (12)).
3.2. External forces. In this section we shall try to reveal the vector bun-
dle structures induced by time dependent external forces and holonomic
constraints on second order time dependent tangent bundles.
We remind from [5] that an external force on M is a differentiable map
F : R × TM −→ T ∗M with the property that F (t, x, y) ∈ T ∗xM for each
v = (t, x, y) ∈ R× TM .
Every external force induces a horizontal one form ωF on R× TM given
by
ωF (t, x, y)(t, x, y; s, z, w) = F (t, x, y)(x, z)
for any (t, x, y; s, z, w) ∈ Tv(R × TM). Remind that a horizontal 1-form
on R × TM is a 1-form ω for which ω(Y ) = 0 for all vertical vector field
Y : R × TM −→ V π. Denote by Ω1hor(R × TM) the space of horizontal
1-forms on R× TM and let Xv(R× TM) be the space of all vertical vector
fields on R× TM .
Proposition 3.9. Let L be a regular time-dependent Lagrangian. Then
there is a one to one correspondence between horizontal 1-forms and vertical
vector fields on R× TM .
Proof. Let ω ∈ Ω1hor(R× TM). Consider the unique vertical vector field
Y : R× TM −→ V π ; ((t, x, y) 7−→ (t, x, y; 0, 0, Y2(t, x, y))
given by the relation ω = −iY ωL. More precisely
ω(t, x, y)(s, z, w) = −ωL
(
(0, 0, Y2(t, x, y)), (s, z, w)
)
= ∂23L(t, x, y)[z, Y2(t, x, y)]
that is
Y2(t, x, y) = ∂
2
3L(t, x, y)
−1
(
ω(t, x, y)
)
.
Conversely suppose that Y be a vertical vector field on R × TM . Define ω
by ω = −iY ωL. It is a easily seen that ω belongs to ∈ Ω
1
hor(R× TM). 
Corollary 3.10. As a consequence of the above proposition, for any external
force F : R× TM −→ T ∗M we have a vertical vector field YF given by
YF (t, x, y) =
(
t, x, y; 0, 0, ∂23L(t, x, y)
−1[F (t, x, y) ◦ TτM ]
)
where τM : R× TM −→M projects (t, x, y) onto x.
Proposition 3.11. Let X ∈ X(R×TM) and iXdt = 1. Then iX(ωL−dE∧
dt) is horizontal if and only if X is a semispray.
Proof. Let X ∈ X(R×TM) be given by X(t, x, y) =
(
X0(v),X1(v),X2(v)
)
,
v = (t, x, y) ∈ R × TM , iXdt = 1 and iX(ωL − dE ∧ dt) be horizontal.
Then the condition iXdt = 1 implies that X0 = 1. Moreover for every
(v; 0, 0, w) ∈ Tv(R× TM) equation (6) implies that
ωL
(
(1,X1(v),X2(v)), (0, 0, w)
)
− dE ∧ dt
(
(1,X1(v),X2(v)), (0, , 0, w)
)
= ∂23L(v)[X1(v), w] − ∂
2
3L(v)[y,w] = 0
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that is X1(t, x, y) = y and therefore X is a semispay.
Conversely suppose that X : R × TM −→ T (R × TM) ; v 7−→ (v;
1, y,X2(v)) be a semispray. We show that iX(ωL − dE ∧ dt) is horizon-
tal that is
iX(ωL − dE ∧ dt)(v; 0, 0, w) = 0.
But this is a direct consequence of equation (6). In fact
iX(ωL − dE ∧ dt)(v; 0, 0, w) = ωL
(
(1,X1(v),X2(v)), (0, 0, w)
)
−dE ∧ dt
(
(1,X1(v),X2(v)), (0, , 0, w)
)
= ∂23L(v)[y,w] − ∂
2
3L(v)[y,w] = 0
as we required. 
Now, suppose that L be a time dependent Lagrangian on M and F be
the external force of our system. In the next proposition we show that this
system is governed by a vertical vector field which depends on L and F .
Proposition 3.12. Let X ∈ X(R×TM) and iXdt = 1 and F : R×TM −→
T ∗M be an external force. Then
i. iX(ωL − dE ∧ dt) − iY ωL = 0 if and only if X = Z + Y where Z is the
canonical semispray induced by L and Y is the vertical vector field associated
with F .
ii. The geodesics of X are motions of the system
(14)
d
ds
{∂3L
(
s, c(s), c′(s)
)
[c′(s)]} = ∂2L
(
s, c(s), c′(s)
)
[c′(s)]− Y2
(
s, c(s), c′(s)
)
Proof. i. Let Y be a vertical vector field on R × TM associated with the
external force F and suppose that X ∈ X(R × TM) and iX(ωL − dE ∧
dt) − iY ωL = 0 and iXdt = 1. Then, for any v = (t, x, y) ∈ R × TM and
(v; s, z, w) ∈ Tv(R× TM) we have
ωL(v)
(
(1, y,X2(v)), (s, z, w)
)
− (dE ∧ dt)(
(
(1, y,X2(v)), (s, z, w)
)
−ωL
(
(0, 0, Y2(v)), (s, z, w)
)
= ∂1∂3L(v)[y, s]− ∂1∂3L(v)[z, 1] − ∂2∂3L(v)[z, y] − ∂
2
3L(v)[z,X2(v)]
+sdE(X(v)) − ∂1∂3L(v)[y, s] + ∂1L(v)s + ∂2L(v)z + ∂
2
3L(v)[y, Y2(v)]
= 0.
Setting s = 0 we get
∂23L(v)[z,X2(v)] = −∂1∂3L(v)[z, 1] − ∂2∂3L(v)[z, y] + ∂2L(v)z
+∂23L(v)[y, Y2(v)].
As a consequence of the above equation and equation (8) we have
∂23L(v)[z,X2(v)] = ∂
2
3L(v)[y, Y2(v) + Z2(v)].
Since L is a regular Lagrangian then X2 = Y2 + Z2 as we required.
Conversely suppose that X = Y + Z then, clearly iXdt = 1 and iX(ωL −
dE ∧ dt)− iY ωL = 0.
ii. Proof of part two is a direct consequence of proposition 3.4 and part
i. 
With the notations as above we have the following corollary.
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Corollary 3.13. Let (M,L) be a time dependent Lagrangian system and
F be an external force. Then the semispray X = Y + Z induces a vector
bundle structure on R× T 2M over R×M , for which the integral curves of
the zero section are motions of the system.
3.3. Holonomic constraints. Let (M,g) be a Riemannian manifold (pos-
sibly infinite dimensional) and F be a time dependent external force on
M . Consider the Lagrangian L(v) = 12g(v, v). In this section we study the
geometric structures induced by holonomic constraints on R× T 2M .
Definition 3.14. A holonomic constraint on (M,g, F ) is a submanifold N
of M .
A reaction force of the holonomic constraint N ⊆ M is given by R :
R× TN −→ T ∗M . The reaction force is said to be perfect if µ−1(R(t, v)) ∈
(TxN)
⊥ for any (t, v) ∈ R× TxN where
µ : TM −→ T ∗M ; (x, y) 7−→ µ(x, y)
and µ(x, y)(x, z) = g(x)(y, z) (see e.g. [15] pp. 174-179). Suppose that
R : R× TN −→ T ∗M be the perfect reaction force given by
R(t, v) =
(
t, µ(B(v, v))
)
−
(
t, µ
(
µ−1
(
F (t, v)
)⊥))
(15)
where B is the second fundamental form of N (for the autonomous case see
[15] chapter 5 section 2).
Let (N, g|N , F |N ) denote the mechanical system N with the Lagrangian
induced by g|N and the external force F |N . Moreover suppose that (M,g, F+
R) denote the manifold M with the Lagrangian L(x, y) = 12g(x)(y, y),
(x, y) ∈ TM and the external force F +R.
Theorem 3.15. With the assumptions as above (N, g|N , F |N ) and (M ,
g, F + R) induce vector bundle structures on R × T 2N and R × T 2M re-
spectively. Moreover the integral curves of the zero section of (π2
F |N
,R ×
T 2N,R × N) are integral curves of ξM (the zero section) of the bundle
(π2F+R,R× T
2M,R×M)
Proof. Consider the map RM (t, w) = R(t, pN (w)) where pN : TM −→ TN
is orthogonal projection which maps w = w⊤ + w⊥ onto w⊤. Then, using
proposition 3.9, RM induces a vertical vector field, say W , on M . It is
easy to check that the semispray of the system (M,g, F + R) is given by
X = K + Y +W where K is the spray of the metric g and Y is the induced
vertical vector field by F and proposition 3.12. Moreover the time dependent
semispray of the system (N, g|N , F |N ) is X|N = K|N + Y |N . Since the
motions of X|N = K|N +Y |N are motions of (M,g, F +R) (see e.g theorem
2.7 page 176, [15]), then the integral curves of the zero section of π2
F |N
:
R × T 2N −→ R × N are integral curves of ξM (the zero section) of the
vector bundle π2F+R : R× T
2M −→ R×M .

3.4. Invariant Lagrangians and second order vector bundle mor-
phisms. In this section first we reveal the relations between Invariant La-
grangians and related semisprays. Then we will show that the vector bundle
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structure on R×T 2M remains invariant if we substitute L with L◦Tf where
f : M −→M is a diffeomorphism with L ◦ (idR × Tf) = L.
Let M and N be two manifolds, f : M −→ N be a diffeomorphism and
LN : R× TN −→ R be a regular time dependent Lagrangian. Consider the
regular Lagrangian LM = LN ◦ (idR × Tf) on M .
Definition 3.16. The semisprays ZM ∈ X(TM) and ZN ∈ X(TN) are
called f -related if TTf ◦ ZM = ZN ◦ Tf .
If we identify U ⊆ M and V ⊆ N with their images in the model spaces
E and F respectively, then TTf ◦ ZM |U = ZN ◦ Tf |U if and only if
XN2 (t, f(x), df(x)y) = d
2f(x)(y, y) + df(x)XM2 (t, x, y)(16)
where (t, x, y) ∈ R × U × E, ZM (t, x, y) = (t, x, y; 1, y,X
M
2 (t, x, y)) and
ZN (t, x, y) = (t, x, y; 1, y,X
N
2 (t, x, y)).
Proposition 3.17. If LM and LN are as above with the semisprays ZM
and ZN respectively then, ZM and ZN are f -related.
Proof. We show that, locally, the induced semisprays by L and L◦(idR×Tf)
satisfy the compatibility condition (16).
Since LM = LN ◦ (idR × Tf) then, LM (v) = LN (v
′) where v = (t, x, y)
and v′ = (t, f(x), df(x)y). It is not hard to check that
∂2LM (v)z = ∂2LN (v
′)df(x)z + ∂3LN (v
′)d2f(x)(z, y)
∂3LM (v)z = ∂3LN (v
′)df(x)z,
∂1∂3LM(v)[z, 1] = ∂1∂3LN (v
′)[df(x)z, 1],
∂2∂3LM(v)[z, w] = ∂2∂3LN (v
′)[df(x)z, df(x)w] + ∂3LN (v
′)d2f(x)(z, w)
+∂3∂3LN (v
′)[df(x)z, d2f(x)(y,w)]
and
∂3∂3LM (v)[z, w] = ∂3∂3LN (v
′)[df(x)z, df(x)w].
Using the above equations and (8) for LM and LN we get
∂3∂3LM (v)[X
M
2 (v), z] = −∂1∂3LM (v)[z, 1] − ∂3∂3LM (v)[z, y] + ∂2LM (v)z
= −∂1∂3LN (v
′)[df(x)z, 1] − ∂3LN (v
′)d2f(x)(z, y)
−∂3∂3LN (v
′)[df(x)z, d2f(x)(y, y)] + ∂2LN (v
′)df(x)z + ∂3LN (v
′)d2f(x)(z, y)
= ∂3∂3LN (v
′)[XN2 (v
′), df(x)z] − ∂3∂3LN (v
′)[df(x)z, d2f(x)(y, y)]
= ∂3∂3LN (v
′)[XN2 (v
′)− d2f(x)(y, y), df(x)z].
Since LN is regular we obtain
df(x)XM2 (t, x, y) = X
N
2 (t, f(x)df(x)y)− d
2f(x)(y, y)
that is ZM and ZN are f -related. 
For any map f :M −→ N , the induced map T 2f : R×T 2M −→ R×T 2N ;
(t, [γ, x]2) 7−→ (t, [f ◦γ, f(x)]2) generally is not vector bundle morphism (see
e.g. [7, 22, 23]). Following [7, 22, 23] one can show that if the semisprays
ZM ∈ X(R × TM) and ZN ∈ X(R × TN) are f -related, then
T 2f : (R× T 2M,ZM ,R×M) −→ (R× T
2N,ZN ,R×N)
(t, [γ, x]2) 7−→ (t, [f ◦ γ, f(x)]2)
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becomes a vector bundle morphism. As a consequence of the above dis-
cussion, with the assumptions as in proposition 3.17 we have the following
theorem.
Theorem 3.18. If f :M −→ N is a diffeomorphism then, T 2f is an vector
bundle isomorphism.
Proof. Since LM and LN are f -related, then proposition 3.17 implies that
ZM and ZN are f -related. This last means that T
2f is a vector bundle
morphism with the inverse T 2f−1. 
Remark 3.19. Let G be a Lie group acting on a manifold M via the map
A : G×M −→M . The Lagrangian L : R×TM −→ R is called G-invariant
if
L ◦ TAg = L ; g ∈ G
where Ag : M −→ M maps m ∈ M onto A(g,m). As a consequence of the
above results, for any g ∈ G, the map (T 2Ag, Ag) : (R × T
2M,L,M) −→
(R× T 2M,L,M) is a vector bundle isomorphism.
The above discussion says (roughly speaking), that ”Invariant Lagrangians
induce invariant vector bundle structures (up to isomorphism) on R×T 2M”.
4. Applications and examples
4.1. R× T 2Dsµ and the motion of an incompressible fluid.
Example 4.1. Let M be a compact Riemannian manifold filled with a
perfect (incompressible, homogeneous and inviscid) fluid. As it was pointed
out by Arnold [2], the configuration space of this fluid is the group of volume
preserving diffeomorphisms Dsµ and the motion of the fluid can be described
by a curve η : (−ǫ, ǫ) −→ Dsµ where ηt(x) is the position of x ∈ M at time
t and η0 = idM . In this example, following [9], first we introduce D
s
µ and
its geometric structure. Then we endow π2Dsµ : R × T
2Dsµ −→ R × D
s
µ with
a suitable vector bundle structure such that the integral curves of its zero
section yield a solution for the Euler equation{
dv(t)
dt
+∇vtvt = gradpt + ft
div(vt) = 0, vt is given at t = 0 and div(ft) = 0
(E)
which describes the motions of the fluid. In fact, (E) is the Euler equation
for the incompressible fluid with time dependent external force ft where ∇
is the Levi-Civita connection and pt :M −→ R is the pressure.
In order to introduce the necessary geometric structures, we review some
parts of [9] and [17].
Let M and N be compact manifolds. Then Hs(M,N) = {η : M −→
N ; η is Hs} is a Banach manifold. Note that Hs means that η and η−1
and all their partial derivatives up to order ”s” are square integrable.
Let (M,g) be a compact Riemannian manifold of dimension n. For our
purpose we assume that M is without boundary. For s > n2 + k suppose
that Ds be the set of all bijective maps η : M −→ M such that η and η−1
are both Hs. Then the Sobolev embedding theorem states that
Hs(M) ⊆ Ck(M) = {η; M −→M ; η is a Ck diffeomorphism}
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and the inclusion is continuous.
Suppose that π : TM −→ M be the the tangent bundle. For η ∈ Ds
define
TηD
s = {f ∈ Hs(M,TM); π ◦ f = η}.
Then TηD
s is a Hilbert space with Hs topology. Let (M,g) be the exponen-
tial map of (M,g). For η ∈ Ds we define the local chart
ψη : Uη ⊆ TηD
s −→ Ds
f 7−→ exp ◦ f
where Uη is neighborhood of zero section in TηD
s. More precisely Uη is the
set of all f ∈ TηD
s such that ‖f(x)‖ < the injectivity radius of exp at η(x).
Then {Uη , ψη)}η∈Ds form an atlas for D
s (for more details see [9], [10] or
[17].
Note that TidD
s is the space of all Hs vector fields on M and
TD2 = ∪η∈DsTηD
s.
Now, suppose that µ is the volume element on (M,g). Then, it is known
that
Dsµ = {η ∈ D
s; η∗µ = µ}
is a closed submanifold of Ds and
TidD
s
µ = {X ∈ TidD
s; δX = 0} = {X ∈ TidD
s; divX = 0}
(see e.g. [9]). Moreover the smooth projection Pid : TidD
s −→ TidD
s
µ is sim-
ply projection on to the first summand of the known Hodge decomposition
TidD
s = div−1(0)⊕ gradFs+1
where Fs+1 is the set of all Hs+1 functions on M . The above projection can
be extended to a smooth map
Pη : TηD
s −→ TηD
s
µ
X 7−→ (Pid(X ◦ η
−1)) ◦ η
for any η ∈ Dsµ.
Consider the Lagrangian L : TDs −→ R; X 7−→ 12 〈X,X〉 where
〈X,Y 〉 =
∫
M
g(η(x))
(
X(x), Y (x)
)
dµ ; ∀X,Y ∈ TηD
s.
Then the canonical spray of L is
Z¯ : TDs −→ T 2Ds
X 7−→ Z ◦X
where Z : TM −→ TTM is the canonical metric spray on (M,g) [9]. More-
over
S : TDsµ −→ T
2Dsµ
X 7−→ TP ◦ Z ◦X
is a smooth spray on Dsµ compatible with the right invariant metric 〈, 〉|Dsµ .
As a consequence, S(X) − Z¯(X), X ∈ TηD
s
µ, belongs to gradF
s+1 and
it determines a vertical vector field on TDsµ. Hence there exists an H
s+1
function p : M −→ R such that S(X)− Z¯(X) = (gradp)l where l stands for
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the vertical lift of gradp. The term ’gradp’ depends on X and it measures
the force (pressure) of the holonomic constraint Dsµ ⊆ D
s [9].
Now, suppose that f : (a, b) ⊆ R −→ TeD
s+k
µ , k ∈ N and define F :
R× TDsµ −→ T (R× TD
s
µ) by
F(t, η, v) = (t, η, v; 0, 0, ft ◦ η).
Then F is a Ck map ([9], theorem 11.2) and F is the external force of the
system. Moreover S + F is a semispray on Dsµ. If we identify U ⊆ D
s
µ
with its image then, by theorem 2.5 we have the family of vector bundle
trivializations
Φ2 : π2Dsµ
−1
(U) −→ R× U × E1 × E1
(t, [γ, η]2) 7−→
(
t, η, γ′(0), γ′′(0) + Pe
(
Γ(η)[γ˙(t) ◦ η−1, γ˙(t) ◦ η−1]
)
◦ η
+ft ◦ η
)
for π2Dsµ : T
2Dsµ −→ D
s
µ where E1 = div
−1(0). Setting E2 = gradF
s+1 and
E = E1 ⊕ E2 = div
−1(0) ⊕ gradFs+1 it is easily seen that the spray Z¯ also
induces a vector bundle structure on (π2Ds , T
2Ds,Ds) with fibres isomorphic
to E × E. In this case the inclusion i : Dsµ −→ D
s induces a vector bundle
morphism
T 2i : (T 2Dsµ, π
2
Dµ
ψ
,Dsµ) →֒ (T
2Ds|Dsµ , π
2
Ds ,D
s
µ).
Furthermore, the integral curves of the zero section ξ : Dsµ −→ T
2Dsµ yield
the solutions of the Euler equation (E) which describes the configuration
of the fluid in M . More precisely, suppose that η : (−ǫ, ǫ) −→ Dsµ be an
integral curve of the zero section ξ. Define Xt =
d
dt
ηt and vt = Xt ◦ η
−1
t .
Then we have
dv(t)
dt
∗
=
dXt
dt
◦ η−1t − TXt ◦ Tη
−1
t ◦Xt ◦ η
−1
t
= S(Xt) ◦ η
−1
t + F (Xt) ◦ η
−1
t − TXt ◦ Tη
−1
t ◦Xt ◦ η
−1
t
= −Pe(∇vtvt)
l
v + ft
= −∇vtvt + gradpt + ft
where in ∗ and ∗∗ we used lemma 1.3.5 of [17].
Example 4.2. Let M be a smooth manifold, I ⊆ R and (gt)t∈I be a family
of Riemannian metrics on M . Consider the Lagrangian
L : R× TM −→ R
(t, x, y) 7−→
1
2
g(t, x)(y, y)
Then the standard argument in Riemannian geometry proposes a family
of Riemannian sprays {St}t∈I and theorem 2.3 leads us to a vector bundle
structure on π2 : R× T
2M −→M .
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